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Coupled systems of scalar elds have been investigated by many authors [4, 5, 6]. Bazeia
et al. [4] considered a system of two coupled real scalar elds with a particular self-interaction
potential such that the static solutions are derivable from rst order coupled dierential
equations. Riazi et al. [5] employed the same method to investigate the stability of the
single soliton solutions of a particular system of this type. Inspired by the well-known
properties of sine-Gordon equation, we introduce a coupled system of two real scalar elds
which shows a considerably reacher structure and dynamics. The present system is not of
the form investigated in [4] and [5] and static solutions are not derivable from rst order
dierential equations.
In our proposed system, a spectrum of solitons with dierent rest energies exist which
are stable, unstable or meta-stable, depending on their energies and boundary conditions.
Some of the more massive solitons decay spontaneously into stable ones which subsequently
leave the interaction area. Note that the term \soliton" is used throughout this paper for
localized solutions. The problem of integrability of the model is not addressed here. Such
non-dispersive solutions are called \lumps" by Coleman [7] to avoid confusion with true
solitons of integrable models. However, it has now become popular to use the term soliton
in its general sense.
Pogosian [8] investigated kink solutions in bi-dimensional SU(N)Z
2
models. He found
that heavier kinks tend to break up into lighter ones. Comparing our results with those
reported by Pogosian, it is interesting to note that fairly similar phenomena are observed in
quite dierent systems. In an earlier paper, Pogosian and Vachaspati [9] reported (N +1)=2
distinct classes of kink solutions in an SU(N)  Z
2
eld theory.
The organization of the paper is as follows: In section II, we introduce the lagrangian
density, dynamical equations, and conserved currents of the proposed model. In section
III, some exact solutions, together with the corresponding charges and energies are derived.
The necessary nomenclature, and general behavior of the solutions due to the boundary
conditions are also introduced in this section. Numerical solutions corresponding to dier-
ent boundary conditions are presented, and properties of these solutions like their charges,
masses and their stability status are addressed in this section. In order to investigate the
stability of the numerical solutions, their evolution are worked out numerically. The dy-
namical evolution of the unstable solutions are investigated further in section IV. Our nal
3conclusion and a summary of the results is given in the last section.
II. DYNAMICAL EQUATIONS AND CONSERVED CURRENTS














































are positive constants, and 
1;2
are two real scalar elds. The back-
ground space-time is assumed to have the metric g

= diag(1; 1) in 1+1 dimensions and








  (1  cos ) (2)
leads to single soliton solutions






all having rest energies 8
p
. Our proposed Lagrangian density (1) comes from the idea





(m;n 2 Z) survive, while the rest energies of solitons for each eld (say 
1
) is aected by
the value of the other (
2
) and vice versa. It will be seen later, that this idea leads to the
appearance of non-degenerate solitons with distinct topological charges.











































































































































where dot and prime denote time and space derivatives, respectively. It is seen from (1)




























) plane. In this







= 0:5, and 
2
= 0:07 for the sake of being denite. The classical vacua








) = 0 holds. Since the
potential consists of two non-negative terms, it vanishes if and only if the two terms vanish











= 2m and 
2
= 2n; m;n 2Zg: (10)
It can be shown that the following topological currents can be dened, which are conserved

























5In these equations, m is an integer, and the integers p and q are dened according to
p = integer part of (
1
=2) + 1;
q = integer part of (
2
=2) + 1:


















































These charges quantify the mappings between the vacua 
1;2
(1) 2 V and the points at
spatial innity.
III. SINGLE SOLITON SOLUTIONS
Static solutions which correspond to transitions between adjacent vacua are symbolically
shown in Fig. (2). Accordingly, we call the static solutions H (horizontal) and V (vertical)





) plane. Initial guesses for these solutions are obtained using the known properties
of the conventional sine-Gordon equation [6]. Note that the exact solutions are not strictly




) plane. Rather, they are bent curves joining two
neighboring vacuum points due to the coupling between the two scalar elds. Any nite
energy solution should start and end at one of the vacuum points belonging to V (Eq. 10).









































































































FIG. 2: Nomenclature of horizontal (H) and vertical (V ) solutions according to boundary condi-
























































is the kink position.
Apart from these exact solutions, we will introduce other static solutions which are obtained
numerically later. Despite the similarity of the special solutions (14) and (15) with those
of sine-Gordon equation, there are profound dierences between the general static solutions
of the present system and SG, including non-degenerate soliton masses and instability of
some of the static solutions. The rest energies of the H and V -type solitons are obtained by








= 0) over the x-space.
The rest energies are approximately given by:



























where n is an integer. We have written programs in the `MATLAB' environment, which




























FIG. 3: Examples of static solutions.




where H = T
0
0
is the energy (Hamiltonian) density, using a variational procedure. The
program is asked to terminate as soon as the energy converges up to a 10
 6
accuracy.
Inspired by the exact solutions (14) and (15), the initial guesses were taken to be of the
form of the sine-Gordon solitons. These initial guesses were deformed toward the lowest
energy solutions by the variational calculation. This deformation is caused by the slope of

















) plane are shown in Fig. (4).
A sample classication is shown in Table I for a particular choice of the parameters. Anti-
solitons exist with the same masses (rest energies) as solitons but with opposite charges.
The anti-soliton solutions are obtained by simply exchanging the boundary conditions at






























































































































































129 0 +1 0 0 0 metastable






























It is clear from the denition of topological charges (11) that solitons and anti-solitons
have opposite charges. The approximate formulae (16) and (17) may be compared with the
numerical results depicted in Table I. It can be seen that the masses of the H-type solitons
are better approximated by Eq. (16) than those given by Eq. (17). This dierence can be
attributed to the fact that the horizontal solitons deviate less from the sine-Gordon solitons
(see Fig.(4)).
IV. SOLITON DECAY
The time-dependent solutions of the dynamical equations (4) and (5) were obtained nu-
merically, by transforming these PDEs into nite dierence equations, and calculating the
elds 
1
(x; t) and 
2
(x; t) in successive time steps. Most of the static solutions obtained did
not undergo appreciable variations when inserted into our dynamical program as initial con-
ditions. This is a numerical indication for the stability of the corresponding static solutions.
However, not all the static solutions obtained by the variational method explained in the
last section were found to be stable. For the given choice of parameters, V
1
1
, for example, is





















is the anti-soliton of H
0
1





time steps. The decay product solitons can be identied at positions where the elds jump
from one vacuum to an adjacent vacuum. Figure (3) helps recognizing these decay products.

















) plane. Numerical calculations show that the decay of V
1
1
starts with the trajectory














trajectories in this gure. Figure (5(b)) shows the corresponding energy density for
various time steps. Individual solitons as decay products are more apparent in this gure.
The balance of H and V charges is of course respected in the decay (21), which can












































as a function of x after the decay of V
1
1
. (b) The energy
density as a function of x for various time steps. The dotted line for V
1
0
is added in order to clarify
the trajectory of this decay product.
conservation of energy point of view,M(V
1
1












which shows that the decay is allowed, and the excess energy is transferred to the kinetic
energies of the solitons. As Fig. (5(b)) shows, no appreciable energy is radiated away as
small amplitude wavelets.
Numerical results show that V
1
2
























Figure (6) illustrates the decay of V
1
2















) is produced rst. This compound subsequently decays into its components
in a short time. Note that M(V
1
2




M = 62:47. The dierence goes to the kinetic energies of the decay
products. The total energy and all topological charges are conserved. In order to demon-







































































as a function of x after the decay of V
1
2
. (b) The energy
density as a function of x for various time steps.




(RHS)=+1, and all other
charges equal to zero for both sides.







































is a metastable soliton, and its ssion needs some external trigger.
V. CONCLUSION
Although the Sine-Gordon equation is an integrable system, even minor modications
of the equation, usually exploit its integrability. We described in this paper and elsewhere
[2, 11], that interesting and rich behavior may result by suitable modications of the sine-
Gordon equation irrespective of being integrable or not. Removal of mass degeneracy, soliton
connement, and soliton decay are among such properties.
For the system introduced in this paper, we presented a class of exact, single soliton





= 0). Other classes of static solutions were computed numerically using a variational
12
algorithm. These static solutions were then fed into a numerical program which computed
the dynamical evolution of the solution. We found that most of the static solutions were
stable, while a few underwent decay into lower energy solitons. Topological charges where
conserved throughout these dynamical processes, in addition to the conservation of energy
and linear momentumwhich results from the invariance of Lagrangian under space and time
translation. In the particular decay (22), two interesting eects were observed: First, the




























) pair apparently remained as a bound system in
the decay of V
1
2










do form a bound system, we did
numerical calculations (both variational and dynamical) for this system. It turned out that



















do not form a bound system.
Finally, let us discuss briey the kinematics of solitons in the decay process. Since
our system is relativistic, principles of conservation of energy and momentum should be
applicable in their relativistic form. Ignoring the energy and momentum radiated away in

































In equations (24) and (25), M is the mass of the S soliton, m
i












. The system of equations (24) and
(25) have a unique solution for v
i
, if n = 2. For n > 2, we have only two equations for n
unknowns and the equations do not have a unique solution. However, the decay pattern and
the distribution of velocities among the decay products seem to be predetermined in our
numerical results (compare the decay pattern of V
1
1
in Figures (5) and (6)). If we note that
the decay to the daughter solitons does not happen in a single stage, but rather it proceeds
in successive stages, it becomes clear why the distribution of velocities among the decay
products follow a unique pattern. In each stage, an unstable soliton decays into two decay
13
products which is actually observed numerically. The velocities of the two decay products
is unique, according to (24) and (25). One of the decay products, in turn, decays into two
solitons in later stage, and so on.
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